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Effect of interaction energy fluctuation on the folding of a proteinlike model
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The folding of a proteinlike model with two kinds of distributions of interaction energy fluctuation—a
frozen fluctuation and a fluctuation varying with time—describing disorder effects of frustration in the energy
spectrum is studied. It is found that the former is unfavorable for the folding, while the latter is favorable for
the folding. The folding time versus the fluctuation is simulated via the Monte Carlo method. An analytical
argument for the folding time is also made, which is in good agreement with the simulations. In addition, a
scaling behavior of the folding time with chain length and a range of temperature for fast folding are also
obtained.@S1063-651X~98!11908-6#

PACS number~s!: 87.10.1e, 64.60.Cn, 82.20.Db
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The folding of a protein to a native structure in molecu
biophysics has been subjected to intense investigation f
long time @1,2#. Some new understandings have recen
been achieved for a physical picture of folding, namely,
folding funnel and energy landscape, resulting from a
vances in experimental methods and from theoretical stu
based on some simple proteinlike models@3–17#. This new
view replaces the pathway concept of sequential events
the funnel concept of parallel events during the folding o
protein, and the new perspective sees folding as a diffus
like process in a complex ‘‘rugged’’ energy landscape@3,17#
~also see the references therein!. Folding is easy if the land-
scape resembles a many-dimensional funnel leading thro
a myriad of pathways to the native structure. This foldi
process is argued to depend on the driving effects wh
include the slope of the folding funnel resulting from a d
crease in entropy or conformations, and, of course, also
the interactions between the amino acids in proteins@3,17#.
The latter determine the native structure of the protein@18#.

Recently, a study on the folding of a proteinlike mod
was made in Ref.@19#. In this model a polypeptide chain wa
assumed to haveM monomers, and only two-body conne
tivity to be accessible. Due to the saturation of the inter
tions there are at mostN5M /2 bonds in the chain. To ensur
that the nativelike state is not only possible but also sta
these connections are classified into two classes—nam
native and non-native—according to their binding energ
2En and 2Enn, with En.Enn, respectively. The native
contacts are defined as a set ofN distinct pairs of residues
which are closest in space in the native conformation.

The ratioD5Enn/En describes the effect of frustration
The folding of the chain is a diffusion process between
levels in an energy spectrum constructed by different co
binations of i native andj non-native bonds. An effective
folding transition to an order structure, and a folding tim
scaled asMl with l.3 have been found.

The energy spectrum shown in Ref.@19# may relate to a
smooth folding funnel@3,17# or a uniform arrangement o
the levels, since the binding energies are only taken with
values. It is well known that the interaction strengths or
terresidue contact energies between any two types of am
PRE 581063-651X/98/58~3!/3552~5!/$15.00
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acids in protein can be tabulated by a matrix@18#. However,
in some studies the heterogeneity of interactions of prote
is further simplified as a Gaussian distribution@8,13#. Actu-
ally, for real proteins, since the bonds may have differ
distances and angles of interaction, etc., the combing en
between two monomers, regardless of the native or n
native bond, is not an equal constant. Furthermore, the b
ing energies may vary with time or fluctuate around th
values of the native state@20#. These, to certain degree, ma
be associated with the disorder effects of frustration. Th
the energy spectrum would be nonuniform, and would flu
tuate with time resulting from various values of the energ
due to different contacts during the folding. The folding fe
tures, such as the folding time, are different. We expect t
such a situation is close to the real cases of the protein
nature.

Motivated by the aforementioned considerations, in t
work we report a study on the folding by taking into accou
two nonuniform distributions of the energy levels.Case Ais
a frozen fluctuation with respect to the uniform levels, a
case B a fluctuation varying with time. Such a model inclu
ing fluctuation of the interaction energy is expected to d
scribe the heterogeneity of the heteropolymers or prote
Following the model studied in Ref.@19#, by using Monte
Carlo simulation and a simple analytical treatment, we fi
that the folding time is slower for case A and faster for ca
B as the fluctuation increases than that of the zero fluctua
in Ref. @19#. In addition, a range of temperature of the fa
folding and a scaling of the folding time with chain lengthM
are also obtained.

The energy level@ i , j #, including all possible distinct con
formations of the model, is given by

E~ i , j !52 iEn2 jEnn, ~1!

wherei and j are the number of native bonds and non-nat
bonds, respectively. If the combining energy of a bond
tween two monomers eitherEn or Enn is a constant, i.e.,
En5En

0 andEnn5Enn
0 being the energies without fluctuation

the energy spectrum is uniform like the one in Ref.@19#.
Figure 1~a! shows such a spectrum and a folding pathw
3552 © 1998 The American Physical Society
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~see following discussion!. In this work, we consider two
different cases of the nonuniform spectrum for Eq.~1!.

Case A—frozen fluctuation: We introduce an energy fluc
tuation 2d in Eq. ~1!,

E~ i , j !52 iEn
02 jEnn

0 6d, ~2!

FIG. 1. The energy spectra and folding pathways for a ch
M520, Enn

0 /En
05

1
3 , and Enn

0 51. ~a! Zero fluctuation or uniform
spectrum@Eq. ~1!#. ~b! A frozen fluctuation withd50.5 in Eq.~2!.
~c! A fluctuation with time withc50.5 in Eqs.~5! and~6!. Here the
levels are shown at a time after the system reaches its native s
The thick bars define the pathway of the maximum number of vi
over all runnings.
where6 is assumed to be randomly distributed on each le
@ i , j #, and d describes the degree of fluctuation. Once t
chain lengthM is set and the degree of the fluctuationd is
chosen, the fluctuation is initially distributed on each lev
according to its sign in Eq.~2!. Physically, Eq.~2! represents
a frozen fluctuation or a fluctuation independent of time
each level, which describes the disorder effects of frustrat
The spectrum and a pathway of the folding withd50.5 are
shown in Fig. 1~b!. The Monte Carlo simulation is pro
grammed as follows. First, a nativelike state withN5M /2
native bonds or pairs between specific monomers is assum
or anad hocset of native couples of monomers is given.
two monomers do not belong to one such pair, they fo
only non-native bonds. It is stipulated that there is no bind
( i 5 j 50) in the chain at the initial time. Then, starting fro
this initial state, we randomly select two monomers in t
chain. We have several choices for the next steps.~1! If they
are neither bound to each other nor bound to other mo
mers, we let them bind to each other to form a native bo
~or a non-native bond! for a native couple~or for a non-
native couple!. ~2! If both selected monomers or one of the
two monomers are bound with other monomers, they
abandoned and the program goes to random selection a
~3! If the two monomers are bound to each other with
native or non-native bond, they are broken with a pena
probability P5exp@2(Enew2Eold)/kBT#, where Enew and
Eold are the energies@see Eq.~2!# after and before breaking
andT is the temperature, respectively. A Monte Carlo step
counted whatever happens for the random sampling. W
all monomers are bound to each other by the native b
( i 5N), the total energy of the system is at a minimum, a
the system reaches its ground state or folded state.
Monte Carlo steps~MC’s! from the initial state to the folded
state are defined as the folding time. The statistical averag
taken over 100 to 200 runnings depending on the sys
size. The energies are measured in units ofEnn

0 , i.e., Enn
0

51, andEn
0 is set asEn

053, and the temperature is taken
T50.3. Notice that we have chosen the Boltzmann cons
kB51.

From Fig. 1~b!, we can see that the folding processes
different for different values of the fluctuationd @the path-
way for d50 relates to the folding in Ref.@19#; see Fig.
1~a!#. The folding process could be divided into two stag
In the first stage, most of the bonds become non-na
within a short time. The pathway, defined as the maxim
number of visits over all runnings, goes along the non-nat
direction. In the second stage, however, these non-na
bonds are continuously broken one by one, and at the s
time native bonds are formed. The pathway turns in the
tive direction, and most of the folding time is elapsed in th
stage. Finally, the system reaches the nativelike state
folded state quickly.

In Fig. 2, we show the folding time versus the fluctuati
d for a chainM540. We see that there is an increase in t
folding time as the fluctuationd increases. It is found that th
folding time can be scaled astd;t0exp(l1d), with l1
'3.89 andt0 the folding time without fluctuationd50. This
means that as the fluctuationd increases, the folding slow
down. This result can be understood by the following arg
ment. Since most of time is elapsed in the second stage o
folding, the time is mainly determined by that of continuo
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breaking of the non-native bonds and the forming of
native bonds~some non-native bonds are also forme!.
Physically, these relate to the probabilities of breaking a
forming of both kinds of bonds. In a uniform spectru
model, on each level, the time of breaking a non-native b
is given by

t0;1/Pnn
0 5exp~Enn

0 /T!, ~3!

wherePnn
0 is the probability of breaking a non-native bond

the case of zero fluctuation. In the presence of the fluc
tion, there are three possibilities for a non-native bond. If
energy interval increases (DE5Enn

0 12d), the breaking time
goes up byt15exp(DE)5t0exp(2d/T).

The probability of this possibility is equal to 0.25. In th
opposite case,DE5Enn

0 22d, the breaking time decreases b
t25t0exp(22d/T). This probability is also equal to 0.25
The remainder of the probability, 0.5, belongs to a ca
where the two neighbor energy levels increase or decre
simultaneously, i.e., the energy intervalDE50. These give
the folding time

td;
t0

4
@exp~2d/T!1exp~22d/T!12#5t0@ch~d/T!#2.

~4!

From Eq.~4!, one can see thattd is always greater thant0.
As a result, the present model is unfavorable for the foldi
Obviously, td returns to the uniform spectrum model in th
limit of d→0.

Case B—fluctuation with time: Now we consider a cas
where the distribution of the spectrum can fluctuate w
time. In this case, we chooseEn andEnn in Eq. ~1! by

En5En
0@112c~r 20.5!#, ~5!

Enn5Enn
0 @112c~r 20.5!#. ~6!

FIG. 2. The folding time~MC’s! vs the energy fluctuationd, for
M540,T50.3,En

053.0, andEnn
0 51.0. The spectrum is frozen@see

Fig. 1~b!#. Solid circles show the results from the Monte Car
simulations. The dashed line shows the results by quantita
analysis@see Eq.~4!#.
e

d

d

a-
e

e
se

.

Herer is a random number in a region~0,1!, and changes its
value after each Monte Carlo step, andc is a parameter de
scribing the fluctuation. Equations~5! and ~6! include small
energy fluctuations aroundEn

0 andEnn
0 . Here again, the en

ergies without fluctuation are set asEn
053 andEnn

0 51. The
binding energy for each bond is determined by a rand
numberr . In this model, the folding pathways for differen
amplitudesc of the fluctuation are similar to that of case
@see Fig. 1~c!#. However, the folding timetc is found to
decrease with the increasing inc, as shown in Fig. 3. This
implies that the folding is fast as the fluctuation becom
large. This behavior can be well scaled bytc5t02l2c with
l2'2.73106 MC’s. Such a result can be understood as f
lows. For each level@ i , j # with Enn5Enn

0 (11x), the prob-
ability of breaking a non-native bond is

Pnn
c ~x!5exp@2Enn

0 ~11x!/T#5Pnn
0 exp~2x/T!, ~7!

where Enn
0 51 has been used. Since the binding ene

changes continuously fromEnn
0 (12c) to Enn

0 (11c), the av-
erage probability of breaking a non-native bond is

Pnn
c 5

Pnn
0

2c E2c

c

exp~2x/T!dx5
Pnn

0 T

c
sinh~c/T!. ~8!

Thus the folding time is approximately given by

tc;tnn
c }t0

c

T
@sinh~c/T!#21, ~9!

where tnn
c is the time for breaking a non-native bond wi

tnn
c ;1/Pnn

c . From Eq.~9!, it follows that tc is always smaller
than t0. As a result, this model is favorable for the foldin
and the increasing in the fluctuation speeds up the fold
i.e., the folding time decreases. From Fig. 3, we can
that the analytical argument is well in agreement w

e

FIG. 3. The folding time~MC’s! vs the fluctuationc, for M
540, T50.3, En

053.0, andEnn
0 51.0. The spectrum fluctuates wit

time @see Eqs.~5! and ~6! or Fig. 1~c!#. Solid circles show the
results from the Monte Carlo simulation. The dashed line shows
relation by quantitative analysis@see Eq.~9!#.



ve
e

d
e
s

tiv

he

t
f t
th

-
a

gt
se

ha
n

e
it
e

-
g

or
of

the
ribe
gth
py.

ng
f
ef.

ef.
e
ple

en,
ive

ility

g

is
es

act
As

ation
n in

to a

e

-

PRE 58 3555EFFECT OF INTERACTION ENERGY FLUCTUATION ON . . .
the simulation. It is noted that the breaking of nati
bonds slows down the folding as the fluctuation increas
Similar to the argument for obtaining Eq.~9!, the breaking
probability of a native bond is

Pn
c5

Pn
0

2cE2c

c

exp~2En
0x/T!dx5

Pn
0T

En
0c

sinh~En
0c/T!. ~10!

From Eq.~10!, we can see that the probabilityPnn
c is always

larger thanPn
0 ~the breaking probability for the native bon

at zero fluctuationc50). This means that the breaking of th
native bonds always slows down the folding, since it take
time tn

c;1/(12Pn
c). However, this effect of slowing down

does not dominate the folding since the number of the na
bonds to be broken is small.

In order to check the effect of the system sizes, we furt
study the folding processes of different chain lengthsM with
different amplitudesc, as shown in Fig. 4. From Fig. 4, firs
we can see that as the fluctuation increases the folding o
system becomes fast. For three different amplitudes of
fluctuation the folding time can be scaled astc;Ma(c), with
a(c50)52.6660.12, a(c50.2)52.7460.08, and a(c
50.4)53.0060.16. The exponentsa(c) increase as the am
plitude c of the fluctuation increases, and they seem to s
isfy a simple relation ofa(c)5a(0)12.25c2. The increase
in these exponents results from the decrease intnn

c @see Eq.
~9!# as the value ofc increases. Second, as the chain len
M increases, we can see that the folding time increa
When a system has more monomersM , i.e., a longer chain,
the number of the non-native bond is larger. This implies t
there are more non-native bonds to be broken and more
tive bonds to be formed~the number of breaking nativ
bonds is also large!. These factors make the system reach
nativelike state at a longer time, i.e., the folding becom

FIG. 4. The logarithmic-logarithmic plot for the folding tim
~MC’s! vs the chain lengthM with T50.3, En

053.0, andEnn
0 51.0.

The spectrum fluctuates with time@see Eqs.~5! and ~6! or Fig.
1~c!#. The symbols denotec50.0 ~squares!, 0.2 ~triangles!, and 0.4
~diamonds!, respectively. The curves forc50 and 0.2 are shifted
by constants log104 and log102 in the vertical direction, respec
tively.
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slow. Interestingly, whenM.120 the existence of the fluc
tuation is no longer favorable for the folding, and the foldin
time tc is longer even than that of the zero fluctuation f
M.200. This is because the effect of the nonuniformity
the energy spectrum is diminished when the chain lengthM
reaches a certain value. Physically, the nonuniformity in
spectrum or the fluctuation in the interaction energy desc
some features of the frustration, while the large chain len
M relates to large number of conformations or large entro
Therefore, for a short chain~or small M ), the folding is
dominated by the effect of frustration, whereas for a lo
chain~or largeM ) the folding is dominated by the effect o
entropy. This further confirms the main conclusion of R
@19#.

It is worth noting that the scaled exponenta(c50)
52.6660.12 appears smaller than the one obtained in R
@19#. This results from the definition of the model. On th
one hand, since the sampling probability for a native cou
of two specific monomers is given byPn

s51/(M22q21),
with q5 i 1 j the total number of bonds@for a non-native
couple, the sampling probability isPnn

s 5(M22q22)/(M
22q21)#; the folding speeds up asq increases. On the
other hand, after two free monomers are randomly chos
they form absolutely either a native bond or a non-nat
bond since the energy of the system decreases„this is the
same case as treated by Socci and Onuchic for a probab
p5exp@2(Enew2Eold)#.1 in Ref. @11#…. The chain per-
forms its folding to a native structure quickly and the foldin
time is short with a small exponenta. Physically, our results
imply that if anad hocset of native couples of monomers
specified, the folding time is short, or the protein behav
like a fast folding. Such a specification mimics the comp
nativelike state, and cannot be implied as an initial state.
a result, the scaled exponenta(c50) is close toa52.70, as
obtained in Ref.@21# for the model of Ref.@22# in which an
idea sequence is designed. In some sense, our specific
may be associated with the design of the native interactio
the model of Ref.@22#. Differently, in Ref.@19#, the forma-
tion of a new bond between any two monomers relates

FIG. 5. The folding time~MC’s! vs the temperatureT/T0 (T0

5Enn
0 /kB51, with kB51) for M540,En

053.0, andEnn
0 5 1.0. The

symbols denote c50.0 ~squares!, 0.2 ~circles!, and 0.
4 ~triangles!, respectively.
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factor k(q);(M22q)(M22q21)/2(q11) due to the re-
quirement of a detailed condition, which turns out to be
same for both native and non-native bonds. Because mo
the folding time is spent withq;M /2 ~most of the mono-
mers are connected by non-native bonds within a short tim!,
the factor k(q) is small, andk(q);1/M decreases asM
increases. Thus the folding becomes slower, and the e
nenta is larger due to the random pairing of monomers w
native or non-native bonds@23#.

Finally, we study the relation between folding time a
temperature for case B. It is well known that the protein c
reach its native state only in a small range of temperature
shown in Fig. 5, we also find such a range. This range
comes narrow and shrinks to the low temperature region
the fluctuation increases. At the same time, the fold
speeds up at lower temperatures for larger energy fluctua
Nevertheless, the folding slows down at high temperatu
This is because the breaking probabilities of both native
non-native bonds are directly proportional to the tempe
ture, and are inversely proportional to the amplitude of
fluctuationc (Pn

c andPnn
c ;T/c). That is, the folding time is

t;tn
c1tnn

c , with tn
c;1/(12Pn

c) and tnn
c ;1/Pnn

c . Since the
folding time is dominated by the effect of breaking of th
non-native bonds at large fluctuation and low temperatu
G

D

y

s,
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e
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n
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e-
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the folding speeds up. Conversely, the effect of breaking
native bonds is apparently large at large fluctuation and h
temperature, which makes the folding slow down, or t
folding time increase.

In conclusion, in this work, the effect of a fluctuation o
the interaction energy on the folding dynamics for a prote
like model was studied. We found that an interaction ene
spectrum with a frozen fluctuation, or a frozen energy lan
scape that is less kinetically dependent, is unfavorable for
folding, whereas the spectrum constructed with a kine
landscape is favorable for the folding. The folding is really
self-organized kinetic process@24#, and the ‘‘folding funnel’’
should have spatiotemporal cooperative features in orde
make sure that the ‘‘water flows along different routes do
mountainsides’’@17# or to behave like a fast folding of pro
tein in nature.
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